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Let a vertex be selected at random in a set of n-edged rooted planar maps and
pk denote the limit probability (as n  ) of this vertex to be of valency k. For
diverse classes of maps including Eulerian, arbitrary, polyhedral, and loopless maps
as well as 2- and 3-connected triangulations, it is shown that non-zero pk behave
asymptotically in a uniform manner: pktc (?k)&12 rk as k   with some con-
stants r and c depending on the class. This distribution pattern can be reformulated
in terms of the root vertex valency. By contrast, pk=2&k for the class of arbitrary
plane trees and pk=(k&1) 2&k for triangular dissections of convex polygons.
 1999 Academic Press
1. INTRODUCTION
1.1. Cardinality Pattern. In recent years, impressive results have been
obtained in asymptotic enumeration of planar and, more general, topologi-
cal maps. One of the most striking achievements is the discovery of a
uniform asymptotic behavior pattern of the number of rooted maps. It can
be presented in the following form (cf. [6])
|Xn |tC?&12 n&52R n, n  , n # Dom(X), (C)
with algebraic constants C=C(X) and R=R(X) depending on the type of
maps. Here X stands for a class of rooted planar maps, Xn denotes the set
of maps in X having n edges and Dom(X)N denotes the set of all n for
which Xn is not empty (it is assumed that Dom(X) is infinite).
More generally,
|X gn |t
Cg
1(g4)
n5(g&1)2R n, n  , n # Dom(X g), (Cg)
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where X g stands for a class of rooted maps on the orientable surface of
genus g. There exists a similar expression for non-orientable surfaces as
well. A remarkable feature of these general formulas is that R depends only
on the class of maps (provided the latter is defined irrespective of the
surface) while the exponent 5(g&1)2 does not depend even on the class of
maps (see [12]).
We will call (C) and (Cg) the (basic asymptotic map) cardinality pattern
and general cardinality pattern, respectively.
The cardinality pattern (usually together with the general cardinality
pattern) proved to be valid for numerous natural classes of maps, such as
all maps, 2- and 3-connected maps, triangulations and Eulerian maps (see
the above-mentioned papers as well as [2, 4, 5]). On the other hand, the
pattern (C) is known to be false for various classes of outer-planar maps,
where the similar uniform asymptotics takes place with the exponent &32
instead of &52.
1.2. Higher Models. In general, a uniform asymptotic behavior is
characteristic for combinatorial-topological objects, such as polyominoes
and self-avoiding walks. For them, the general asymptotics of the form
cna\n, n  ,
is known or, more often, supposed to hold for the number of n-sized
objects of various classes. In particular for polyominoes, the value of the
critical exponent a is typically (conjectured to be) equal to &12 (cf. [15]).
For self-avoiding walks, the well-known universality hypothesis (see, e.g.,
[18, 16]) asserts that the value of the critical exponent a does not depend
on the detailed structure of the lattice though it may depend on the dimen-
sion of the space. In both theories, the existence of the connective constant
\ is often provable but its exact value is known only in several exceptional
cases (and is not assumed to be algebraic).
By analogy, we call R=R(X) in (C) and (Cg) the connective constant.
The power a=&52 in (C) and a=5(g&1)2 in (Cg) can be called the
critical exponent.
1.3. Limit Valency Distribution. In the present paper, the following
property of maps will be considered. Let a vertex be chosen at random and
uniformly in all maps in Xn and pk, n= pk, n(X) denote the probability that
this vertex is of valency k. We are interested in the asymptotics of the
variables pk, n as n  , i.e., the limit values (whenever exist) pk= pk(X)=
limn   pk, n(X), n # Dom(X). We study the limit average value of the
vertex valencies +=+(X), the initial values p1 , p2 , ... and the behavior of pk
as k  . In the latter question we assume Val=Val(X) to be infinite
where Val(X) denotes the set of valencies k for which pk(X){0.
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For several important classes of maps, such results have been obtained
earlier [1, 7, 13, 17] but in some cases only implicitly or in another form.
An explicit uniform presentation and comparison of these results made it
possible to reveal a hidden and previously unknown behavior uniformity.
Namely,
pk(X)tc(?k)&12 r k, k  , k # Val(X), (V)
with some algebraic constants c and r depending on the type of maps. We
will call (V) the (basic asymptotic) valency distribution pattern in (planar)
maps. r=r(X) and the power a=&12 in (V) will be referred to as the
connective valency constant and the critical valency exponent, respectively.
It is essential and characteristic that this valency distribution pattern
does not hold for (at least) several natural classes of outer-planar (tree-like)
maps. For them, just as in the cardinality pattern case, similar asymptotics
are valid but with different values of the critical valency exponent a.
Instead of vertex valencies, we could consider the limit distribution of the
face size probabilities pk*. Given a class of maps, they are, generally speak-
ing, independent quantities with a similar expected asymptotic behavior,
pk*(X)tc*(?k)
&12 rk
*
, k  , k # Val*(X), (V*)
where Val*(X) is the set of face sizes occurring with positive limit probabil-
ities. But this is simply the vertex valency distribution of the dual maps:
pk*(X)= pk(X*) where X* consists of the maps topologically dual to the
maps in X.
Following the previously published results, we consider, in fact, one
more random variable: the valency of the root (or any given) vertex. At
first glance, the corresponding probabilities qk, n should coincide with pk, n .
However, this is not the case since the root vertex is not merely a vertex
selected at random. Instead, we select first a root edge at random and then
one of its ends. Thus, the more valent a vertex, the more probable it is
selected as the root vertex. As a matter of fact, the two variables are closely
connected: usually,
qk=kpk +, k=1, 2, ... .
Thus, the root vertex valency distribution pattern appears as
qk(X)tc$(k?)12 r k, k  , k # Val(X), (RV)
with c$=c+ and the same connective valency constant r as in (V).
To summarize, our aim here is mainly to reinterpret and present uniformly
some known or easily deducible results on the subject and to establish new
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TABLE I
Distribution Parameters of Limit Vertex Valency Probabilities
No. X a r R + p1 p2 q1 q2 c Maps
3.1 E &12 - 32 8 6 0 38 0 1R - 2 Euleriana
3.2 P &12 12 4 4 0 0 0 0 9 - 62 Polyhedral
3.3 A &12 56 12 4 13 16 1R 1R - 105 Arbitrary
3.4 S &12 56 3 3- 42 6 0 29 0 1R3 2 - 105 2-conn. triang.
3.5 L &12 34 2833 165 2780 3327 1R 5(4R) 65 Loopless
3.6 F &12 34 4 3- 43 6 0 0 0 0 4 3-conn. triang.
4.1 T 0 12 4 2 12 14 1R 1R 1 Arbitrary trees
4.2 D 1 12 2 4 0 14 0 1R3 1 Triang. dissect.
a The same critical valency exponent a=&12 is valid for the maps with an arbitrary
infinite Val2N.
interrelations among them. The quintessence of this paper can be presented
in the following form:
1.4. Theorem. The basic (root) vertex valency distribution pattern (V)
(resp., (RV)) is valid for planar maps of all classes considered in Section 3
and is not valid for the classes considered in Section 4. The main numerical
values are given in Table I.
For completeness, Table I contains also the values of the connective
constant R of the pattern (C) and reflects the property (quite predictable,
in fact, as we will see below) that the nonzero limit probabilities of the root
vertex to be of valency 1 or 2 are often equal to 1R.
Some related questions in a general setting are considered in [14].
2. PRELIMINARIES
2.1. Vertex versus Root Vertex Valency. The set of rooted maps X is
always supposed to be closed with respect to relabeling. In other words, Xn
is obtained from a certain set of unrooted n-edged planar maps by rooting
them in all possible ways. Recall that rooting a map (by W. T. Tutte),
which deprives it all non-trivial symmetries, means distinguishing an
arbitrary edge-end, i.e., an incidence pair (edge, vertex) in it, provided that
both sides of the sphere are distinguishable. These edge and vertex as well
as the edge-end and, finally, the face incident to them and lying to the left
are called the root elements of the map.
Mn=Mn(X) :=|Xn | denotes the number of maps in Xn while mk, n=
mk, n(X) denotes the number of maps with the root vertex of valency k.
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Hn=H(Xn) stands for the overall number of vertices in Xn and hk, n=
hk, n(X) for the overall number of vertices of valency k in them. Thus,
Mn=k mk, n and Hn=k hk, n .
Now, qk, n=mk, n Mn is the probability of the event that the root vertex
of a map chosen in Xn at random is of valency k. Likewise, pk, n=hk, n Hn
is the probability that a vertex chosen in Xn at random (where all vertices
have equal probabilities to be chosen) is of valency k.
m*k, n , h*k, n , H*n , q*k, n and p*k, n denote the corresponding variables concern-
ing face sizes. If X* denotes the set of maps dual to X, then m*k, n(X)=
mk, n(X*), etc.
+n (+n*) denotes the mean vertex valency (mean face size, resp.); so that
+n=k kpk, n .
qk , pk , pk*, + and +* denote the limit values of the corresponding variables,
whenever exist, as n  , n # Dom(X).
The probabilities qk, n and pk, n are closely connected with each other (cf.
the note [19] devoted to a similar formula for plane trees):
2.2. Lemma. hk, n=2n } mk, n k.
Proof. By definition, Xn=[(1, b)] where 1 ranges over the set of the
corresponding unrooted maps and b=(e, x) is an arbitrary edge-end selected
as a root. In these terms, hk, n enumerates the triples (1, b, x$) where x$ is
an arbitrary vertex of valency k in 1. Now, khk, n enumerates the quad-
ruples (1, b, x$, b$) with the same b and x$ as above and an arbitrary edge-
end b$ incident to x$. But they are equinumerous with the triples (1, b$, b)
where b$ is a (root) edge-end with the end of valency k, whereas b is an
arbitrary edge-end. The number of the latter triples is equal to mk, n } 2n. K
2.3. Corollary. Hn = 2n k (mk, n k), +n = 2n MnHn , and pk, n =
(+nk) qk, n . If Dom(X) is infinite and +=limn   +n exists for n # Dom(X),
then
pk=
+
k
qk , k=1, 2, ..., (2.3.1)
and
:

k=1
qk
k
=
1
+
. (2.3.2)
Proof. Straightforward. K
2.4. Third Scheme. There is one more related variable, the number dv, n
=dv, n(X) of maps having v vertices. And another natural randomized
120 VALERY A. LISKOVETS
procedure corresponds to it: a map is first selected at random in Xn and
then a vertex in it (again distributed uniformly). What is the probability
sk, n of the event that this vertex is of valency k? Generally speaking, this
probability is independent of the ones introduced above. But for some
interesting types of maps (such as, e.g., triangulations), the number of
vertices is a function of n, and then sk, n is easily expressed via qk, n .
Moreover, the same reduction is possible asymptotically (as n  ) if
‘‘almost all’’ maps have almost the mean number of vertices. The latter
property is known, in particular, for all planar maps, non-separable maps,
polyhedral (i.e., 3-connected) maps and Eulerian maps (cf. [3]). It is
reasonable to expect that all ‘‘properly’’ behaving types of maps considered
previously and known to satisfy the cardinality pattern (C) possess the
same property to concentrate near the mean size.
Note also that Mn , Hn and, accordingly, +n are expressed directly in
terms of dv, n :
Mn=:
v
dv, n and Hn=:
v
vdv, n . (2.4.1)
2.5. Total Vertex Enumeration. Finding M=Mn is a classical enumerative
problem initiated by W. T. Tutte, and it has been resolved for many interesting
types of rooted maps. But what about Hn? Of course by Corollary 2.3, this
is only a technical problem if mk, n are known. Besides, Hn is often easily
expressed via Mn . By (2.4.1), this is trivial when all maps in Xn possess a
unique number of vertices: if Mn=dv0 , n (with v0 depending on n), then
Hn=v0 dv0 , n=v0Mn . It follows that
pk, n=
2n
v0
qk, n
k
. (2.5.1)
For instance, a planar n-edged triangulation contains 2n3 faces (3 | n).
Therefore, it contains v0=2+n3 vertices. So that, for triangulations,
pk, n=
6n
n+6
qk, n
k
. (2.5.2)
Thus, pk, nr6qk, n k for large n and any fixed k. Similarly for planar quad-
rangulations, v0=2+n2 and
pk, n=
4n
n+4
qk, n
k
r4
qk, n
k
. (2.5.3)
121VALENCY DISTRIBUTION IN PLANAR MAPS
2.6. Proposition. If X is a self-dual class of maps, i.e., Xn*=Xn , then
Hn=((n+2)2) Mn . Thus, for infinite Dom(X), +n=4n(n+2)t+=4 and
pk=4qk k.
Proof. Let with any map 1, Xn contains its dual map 1*. Then by
Euler’s formula, dv, n=dv*, n where v*=n+2&v. Now, by (2.4.1),
Hn= :
n+1
v*=1
v* dv*, n= :
n+1
v=1
(n+2&v) dv, n=(n+2) :
n+1
v=1
dv, n& :
n+1
v=1
vdv, n
=(n+2) Mn&Hn ,
whence Hn=((n+2)2)Mn , and we are done by Corollary 2.3 K
All (planar) maps, non-separable maps, polyhedral maps and the maps
without both loops and isthmuses provide examples of self-dual classes.
For other types of maps, there is no direct interconnection between the two
quantities, valid a fortiori, and the problem of finding closed formulas for
Hn (weighted enumerators) may be of a certain combinatorial interest. In
particular, simple formulas do exist for loopless and Eulerian maps; the
corresponding results will be published elsewhere.
In general, there is a simple connection between the mean vertex valency
and the mean face size.
2.7. Lemma. For any X, 2n+n+2n+n*=n+2. Moreover, if X is a class
of triangulations and Dom(X) is infinite, then +n  +=6.
Really, 2n+n and 2n+n* are the mean numbers of vertices and faces, resp.
Hence, the first formula is obtained by summing Euler’s formula over all
maps in Xn . Finally, for triangulations +n*=3 for all admissible n. K
2.8. Corollary. If Dom(X) is infinite and +=limn   +n for n # Dom(X)
exists, then +*=limn   +n* for n # Dom(X) exists too, and
2
+
+
2
+*
=1. (2.8.1)
2.9. Observations Concerning Mono- and Bivalent Root Vertices. Let
a class of maps X admit endpoints. Take a map with the root vertex of
valency 1, remove it together with the root edge and assign the new root
properly (e.g., to the edge-end lying immediately on the left of the second
end of the old root edge). If this map also belongs to X and this operation
turns out reversible, we obtain the equality m1, n=Mn&1 . Similarly, if the
root vertex of a map is homeomorphically reducible (i.e., 2-valent), we may
erase it adjoining its second incident edge to the root one (and declaring
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the other end of the latter as the root). If this operation is reversible, then
m2, n=Mn&1 . Besides, for triangulation, the same idea can result in the
equality m2, n=Mn&3 : after erasing the root vertex, one needs also to
remove two digons that arose and can do this by joining three correspond-
ing parallel edges into one new root edge.
In view of the asymptotics (C), these equalities yield values q1=1R and,
resp., q2=1R or q2=1R3. Such reasonings are in fact applicable to
almost all classes of maps considered below which possess 1- or 2-valent
vertices (cf. Table I). Instead, we will obtain these values simply as parti-
cular cases of general formulas for qn .
3. ORDINARY CLASSES OF MAPS
3.1. Eulerian Maps: E
In a sense, Eulerian maps are the most appropriate ones for the question
under consideration since there exists a simple sum-free formula for any
contribution specified by the set of (even) vertex valencies, and it is a
simple matter to find and estimate the greatest contribution [17]. There-
fore, instead of one class of maps, multiparameter classes can be analyzed.
3.1.1. Valency Restricted Maps: E(2K). Let E(2K) be the set of planar
(Eulerian) maps with all half-valencies belonging to a set KN. That is,
Val(E(2K))=2K. In particular, E=E(N) contains all Eulerian maps
without restrictions.
As we showed in [17, formulas (13) and (14)], the limit fraction of
2k-valent vertices in Eulerian maps under consideration is the following:
xk=xk(E(2K))=akR&1K *
k&1
K , k # K. Here ak=(2k)!(2 } (k!)
2), k1,
RK =A$K (*K ) (3.1.1)
is the connective constant of the cardinality pattern for E(2K) and *K is the
real positive root of the equation
zA$K (z)&AK (z)=1, (3.1.2)
where AK (z)=k # K akz
k. In particular, for K=N,
A(z)# :
k1
ak zk=
(1&4z)&12&1
2
. (3.1.3)
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Furthermore (implicit in [17]),
+K =+(E(2K))=
2RK*K
RK*K &1
and +*K =2RK*K . (3.1.4)
Then it is clear from formulas (3.1.1) and (3.1.2) that +K =2(1+1AK (*K )).
Moreover (loc.cit.), almost all n-edged Eulerian maps under consideration
possess almost 2n+K vertices. Therefore we may use equivalently the third
distribution scheme pointed out in 2.4. The probabilities p2k are the
appropriate ratios with respect to the total number of vertices. Thus, they
are merely obtained from xk by the suitable renormalization: p2k=+Kxk 2.
Hence,
p2k= p2k(E(2K))=(12) ak +K R &1K *
k&1
K , k # K.
If 1 # K, it follows that p2(E(2K))=+K(2RK ), whence by formula (2.3.1),
q2(E(2K))=1RK .
Since akt(12) } (?k)&12 4 k, we conclude that the required asymptotic
behavior pattern (V) is valid for any infinite K:
p2ktc (? } 2k) &12 (2 - *K )2k, k  , k # K, (3.1.5)
where c=cK =- 2(2(RK*K &1))=(- 22) +K+*K =- 2(+*K &2). Accord-
ingly, the connective valency constant rK =r(E(2K))=2 - *K .
For instance, in the case of all Eulerian maps, r=r(E)=- 32, R=R(E)
=8, +=+(E)=6, +*=+*(E)=3,
p2k= p2k(E)t- 2 } (? } 2k) &12 (- 32)2k, k  , (3.1.6)
p2=38, q2=2p2 +=18, p4=27128, and q4=964.
Remark. The above considerations are valid for arbitrary infinite K.
But in order to ensure that all parameters are algebraic numbers, as we
required in the definition of the pattern (V) in 1.3, only algebraic sets K
should be considered, i.e., ones for which the generating function AK(z) is
algebraic.
Numerical results obtained with the help of Maple are presented in
Table II. Some interesting observations in it can be made. For instance,
among the sets K=N>[n], +K reaches its minimum value when n=9, and
rK reaches its maximum value when n=4.
Several useful estimates follow directly from the above formulas. Suppose
K$K. Then by (3.1.2), *K*K$ with equality if and only if K=K$ _ [1].
Hence, rKrK$ with equality if and only if K=K$ _ [1]. Therefore,
rKrN=- 32=0,8660 } } } for any infinite K. Also, RKRK$ by (3.1.2).
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TABLE II
Numerical Values for Various Sets K of Admissible Half-Valencies
K * r R + +*
1, 2, 3, 4, ... 0.1875000 0.8660254 8.0000000 6.0000000 3.0000000
1, 3, 5, 7, ... 0.2054425 0.9065153 6.8483984 6.9145847 2.8139040
1, 4, 7, 10, ... 0.2141374 0.9254996 6.3809543 7.4585020 2.7328018
2, 4, 6, 8, ... 0.2044131 0.9042414 6.2172248 9.3832800 2.5417646
2, 5, 8, 11, ... 0.2128250 0.9226592 5.8758138 9.9833955 2.5010399
2, 6, 10, 14, ... 0.2181060 0.9340363 5.6766446 10.3994798 2.4762200
3, 6, 9, 12, ... 0.2131538 0.9233716 5.5813575 12.5436555 2.3793751
3, 7, 11, 15, ... 0.2180778 0.9339760 5.4213718 12.9720810 2.3645617
4, 8, 12, 16, ... 0.2186597 0.9352212 5.2473573 15.5698557 2.2947710
1; 3, 4, 5, ... 0.1903270 0.8725296 7.4332083 6.8222992 2.8294798
1, 2; 4, 5, 6, ... 0.1910653 0.8742204 7.6416469 6.3473182 2.9201075
1, 2, 3; 5, 6, ... 0.1910762 0.8742453 7.7625806 6.1386906 2.9664893
1, 2, 3, 4; 6, 7, ... 0.1907779 0.8735625 7.8387442 6.0366608 2.9909180
1, 2, ..., 5; 7, 8, ... 0.1903570 0.8725984 7.8888053 5.9865303 3.0033788
1, 2, ..., 6; 8, 9, ... 0.1899099 0.8715729 7.9225321 5.9637956 3.0091338
1, 2, ..., 7; 9, ... 0.1894865 0.8706009 7.9456125 5.9558039 3.0111725
1, 2, ..., 8; 10, ... 0.1891104 0.8697366 7.9615798 5.9555567 3.0112357
1, 2, ..., 9; 11, ... 0.1887896 0.8689985 7.9727174 5.9590932 3.0103324
2, 3, 4, 5, ... 0.1875000 0.8660254 7.0000000 8.4000000 2.6250000
3, 4, 5, 6, ... 0.1903270 0.8725296 6.4332083 10.9121412 2.4488259
4, 5, 6, 7, ... 0.1936786 0.8801785 6.0644792 13.4574015 2.3491193
5, 6, 7, 8, ... 0.1969048 0.8874792 5.8037253 16.0074023 2.2855633
6, 7, 8, 9, ... 0.1998432 0.8940764 5.6085528 18.5520565 2.2416618
7, 8, 9, 10, ... 0.2024761 0.8999468 5.4563426 21.0878435 2.2095575
21, 22, 23, 24, ... 0.2215427 0.9413665 4.6817942 55.7382431 2.0744349
101, 102, 103, ... 0.2395625 0.9789024 4.2087387 244.2541360 2.0165116
2; 4, 5, 6,7, ... 0.1910653 0.8742204 6.6416469 9.4352645 2.5379768
2; 5, 6, 7, 8, ... 0.1944809 0.8819999 6.3908563 10.2338493 2.4857995
2; 6, 7, 8, 9, ... 0.1975827 0.8890055 6.2047442 10.8515080 2.4519004
2; 7, 8, 9, 10, ... 0.2003569 0.8952250 6.0606446 11.3330515 2.4285844
2; 36, 37, 38, 39, ... 0.2284477 0.9559241 5.1455838 13.3962078 2.3509940
2; 37, 38, 39, 40, ... 0.2288126 0.9566872 5.1373698 13.3963358 2.3509900
2; 38, 39, 40, 41, ... 0.2291634 0.9574203 5.1295302 13.3959665 2.3510014
2; 101, 102, 103, ... 0.2392035 0.9781687 4.9269045 13.2024173 2.3570658
1, 2, 3, 4; 101, 102, ... 0.2367679 0.9731761 6.9675496 5.0783810 3.2993843
1, 2, 3, 4, 5; 101, ... 0.2285363 0.9561095 7.3452031 4.9470453 3.3572917
1, 2, 3, 4, 5, 6; 101, ... 0.2139143 0.9250174 7.5874775 5.2099124 3.2461399
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Moreover, RK$=RK&1 and +*K$=+*K&2*K if K=K$ _ [1], 1  K$. In
particular, +*(E$)=3&2 } 316=218 where E$=E(N>[1]). Now, for any
KN, we have *K*N=316 and +*K2. It follows that, whenever 1 # K,
+*K=+*K>[1]+2*K2+2 } 316=198. Hence, by Corollary 2.8, +K383.
In contrast to *K , RK and rK , the value of +K may not be monotonic
with respect to set inclusion. For example, as the data in Table II show for
Kv=[2, v, v+1, v+2, ...], v=3, 4, ..., the values of +Kv first increase till
v=37 and then decrease. The behavior of +K depends heavily on that of
k0=min[k # K]. If k0   when K runs through a descending chain of
sets, then of course +K  . If k0 is bounded then it contributes more and
more significantly, and +K is bounded too.
3.1.2. Eulerian Maps with a Specified Mean Valency: E (:). This some-
what artificial subclass of Eulerian maps can be analyzed in a similar way
and also turns out to satisfy the pattern (V). For brevity, we restrict our-
selves with Eulerian maps having no prohibited (even) valencies, that is,
with K=N.
Given :<1, let E (:)n denote the number of planar Eulerian maps with n
edges and v=n:(1+o(1)) vertices and, thus, with the limit mean valency
+:=2:. According to the last formula in [17], normalized by the factor
+: 2 just as in Subsection 3.1.1, we have
p (:)2k = p2k(E
(:))=
ak*k:
A(*:)
,
where *: is the real positive root of the equation
A(z)=:zA$(z). (3.1.2$)
Hence,
p(:)2k tc(? } 2k)&12 (2 - *: )2k, k  , (3.1.5$)
where c=- 2(2A(*:)). Again, the connective valency constant r:=r(E (:))
=2 - *: . Now due to formula (3.1.3), *: can be easily expressed as a
function of ::
*:=
1
4 \1&
:
2 \1+
:+- :2+8:
4 ++ .
After elementary transformations, one can obtain the following expression
for p (:)2 :
p (:)2 =
(:+- :2+8:)3
64:
.
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For example, *13=316 and p (13)2 =38, the same values as in the class of
unrestricted Eulerian maps considered in 3.1.1 (naturally, since +13=6
=+N); *16=29, p (16)2 =29, q
(16)
2 =:p
(16)
2 =127; *110=1564, p
(110)
2 =225,
q(110)2 =1125.
The connective constant R:=R(E(:)) is expressed [17] as:
R:=
A:(*:)
::(1&:)1&: *:
,
whence, for example, R13=8 and R16=27 - 555.
3.2. Polyhedral Maps: P
For polyhedral maps (polytopal or 3-connected, in other terms), every-
thing we need has been obtained by E. A. Bender and E. R. Canfield
[1, Theorem 2]. Namely, the limit probabilities qk* exist and are deter-
mined by the equation
y :

k=1
qk*y
k=
20+ y& y2
8(4+ y)
&
(2& y)3(50& y)+27y(12&20y+ y2)
8(4+ y)(2& y)32(50& y)12
=
36y
1000\
1
2
y2+
9
25
y3+
223
1000
y4+
16207
125000
y5+ } } } +
whence
qk*t9 - 68 } (k?)12 2&k, k  .
By self-duality, +=4 (Proposition 2.6). Hence, by Corollary 2.3, pk meet
the pattern (V) with r=r(P)=12:
pk= pk(P)t9- 62 } (?k)&12 2&k, k  , (3.2.1)
and p1= p2=0, p3=243500.
Moreover, ‘‘almost all’’ polyhedral maps have almost the mean number
of vertices v=n2. Hence, one can equivalently use the third valency distri-
bution scheme pointed out in 2.4 (see [1, Theorem 3]). Finally, as is well
known, R(P)=4.
3.3. Arbitrary Maps: A
According to Zh. Gao and L. B. Richmond [13, Theorem 1], for the
class of all maps, the limit probabilities qk exist and are determined by the
equation
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:

k=1
qkyk=( y12)(1+ y2)&12 (1&5y6)&32
=(112) y+(112) y2+(13144) y3+(55648) y4+ } } } ,
this being valid for the maps on every surface. Hence,
qkt- 1020 } (k?)12 (56)k, k  .
Again by self-duality, +=4, and we can easily express these results in terms
of the variables pk . The latter satisfy the pattern (V) with r=r(A)=56,
pk= pk(A)t- 105 } (?k) &12 (56)k, k  , (3.3.1)
and p1=13, p2=16, p3=13108. R=R(A)=12, therefore q1=q2=1R.
3.4. Non-Separable Triangulations: S
The valency distribution of non-separable (i.e., 2-connected) triangulations
turned out close to that of arbitrary maps. According to [13, Theorem 3
and Lemma 1], in this case,
y :

k=1
qkyk&12=(124)( y2+12y&12)(1+ y2)&12 (1&5y6)&32
=(227) y3+(227) y4+(781) y5+(20243) y6+ } } }
(in fact, qS(n, k) in [13] are qk, 3n&k in our terms; hence, the limit
probabilities qk are the same). Again, this is valid regardless of the surface.
Now,
qkt- 1015 } (k?)12 (56)k, k  .
By Lemma 2.7, we can express these in terms of pk with +=6, thus obtain-
ing a particular case of the pattern (V) with r=r(A)=56;
pk= pk(S)t2 - 105 } (?k) &12 (56)k, k  , (3.4.1)
p1=0, p2=29, p3=427. Finally, R=R(S)=3 3- 42 (with respect to the
number of edges n as adopted throughout the paper), therefore q2=1R3.
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3.5. Loopless Maps: L
Evidently, the asymptotics of vertex valencies for loopless planar maps
has not been considered before. But there is a simple exact formula for the
number of loopless maps with n edges and root vertex valency k obtained
by E. A. Bender and N. C. Wormald [7]: mk, n(L)=Lk, n where
Lk, n=
2k(4n&2k&1)!
(n&k)! (3n&k+1)! \
2k+1
k + .
3.5.1. Proposition.
qk=qk(L)=
k
2 \
2k+2
k+1 +\
3
16+
k+1
, k=1, 2, ... . (3.5.1)
This follows directly from the above formula and the well-known formula
for n-edged rooted loopless planar maps (e.g., loc.cit.):
Ln=
6(4n+1)!
n!(3n+3)!
.
In particular, q1=3(316)2, q2=20(316)3, and q3=105(316)4. Also the
connective constant R=R(L)=25627, so that, q1=1R and (unlike
other classes) q2=5(4R).
3.5.2. Corollary. The loopless planar maps satisfy the valency distribu-
tion pattern (V) with r=r(L)=34:
pk= pk(L)t65 } (?k) &12 (34)k, k  . (3.5.2)
Proof. From expression (3.5.1) by Stirling’s formula we obtain immediately
qkt38 } (k?)12 (34)k as k  . Moreover, it is clear that +(L) exists,
and by formulas (2.3.2) and (3.1.3) we calculate +(L)=(k=1 qk k)
&1
=165. K
3.6. Polyhedral Triangulations: F
The valency distribution of 3-connected planar triangulations turned out
close to that of loopless maps: according to [7], the number of rooted
3-connected planar triangulations with 3n+3 edges and root vertex valency
k+2 is equal to the number Lk, n of loopless maps. Now, the overall number
of rooted 3-connected planar triangulations with 3n+3 edges is equal to Ln .
Since +=6 (Lemma 2.7), we obtain
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3.6.1. Proposition. The 3-connected planar triangulations satisfy the
pattern (V) with r=r(F)=34:
pk= pk(F )t4 (?k) &12 (34)k, k  . (3.6.1)
By the above-mentioned equality, qk(F )=qk&2(L), thus, q1(F)=
q2(F )=0, q3(F )=3(316)2 and p3(F )=6(316)2. Finally, R=R(F)=
4 3- 43.
An equivalent formula for pk(F) is also obtained in [8] (formula (3.14);
in physical terms, the valency of a point is known as its coordination
number).
4. OUTER-PLANAR MAPS
In the previous section we aimed at establishing the validity of the basic
valency distribution pattern on as many classes of ordinary maps as we are
capable at the moment. Unlike that, here we restrict ourselves to only two
famous classes of tree-like maps.
4.1. Arbitrary Plane Trees: T. The number of rooted plane trees is
equal to the n th Catalan number: Mn=|Tn |=1(n+1)( 2nn ). Since an
n-edged tree contains n+1 vertices, the overall number of vertices Hn=
H(Tn)=( 2nn ). Besides, for the number of vertices of valency k, N. Dershowitz
and S. Zaks [9] obtained the formula hk, n(T )=( 2n&k&1n&1 ). For a fixed k,
we deduce at once
pk= pk(T )= lim
n  
hk, n(T)
Hn
=2&k, (4.1.1)
a purely geometrical decrease, which differs from the pattern (V): the
critical valency exponent a is equal to 0. In particular, p1=12, p2=14, so
that (since +=+(T )=2 and R=R(T )=4) we have q1=q2=14=1R.
Notice that M. Drmota and B. Gittenberger [11] considered similar
questions for numerous types of trees, not necessarily plane.
4.2. Triangular Dissections of Polygons: D. Let 2 be a convex polygon
with N sides dissected into triangles by N&3 non-crossing (open) diagonals.
This may be considered as an outer-planar map (near-triangulation) with
n=2N&3 edges. As is well known, the number M$(Dn) of such maps rooted
at the external face is the (N&2)nd Catalan number 1(N&1)( 2N&4N&2 ).
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The number of these maps with the root vertex of valency k, provided
that the two boundary links are taken into acount and one of them
together with the external face serve as the root, is
m$k, n(D)=
k&1
2N&k&3 \
2N&k&3
N&k&1 + , k2, n=2N&3. (4.2.1)
I could find only one published (and short) proof of this simple formula:
in the paper [10], where it is presented in somewhat different form. Since
for arbitrary rootings (as adopted throughout the present paper), any edge-
end and either of its sides may be chosen, we have mk, n(D)=k } m$k, n(D).
Likewise, Mn=(2(2N&3)N)(1(N&1))( 2N&4N&2 )=(1N)(
2N&2
N&1 ), the (N&1)st
Catalan number. Moreover R=R(D)=2 (with respect to n).
Now, one can easily deduce the asymptotics of qk, n as n  , n # Dom(D)
=[3, 5, 7, ...]: qk=qk(D)=k(k&1)2&k4, k1. Clearly, +n=2(2N&3)N,
hence +=4 and
pk= pk(D)=(k&1) 2&k (4.2.2)
(with p1=0, p2= p3=14). This again differs from the pattern (V).
5. CONCLUDING OBSERVATIONS AND OPEN QUESTIONS
To the best of our knowledge, valency distributions for non-planar maps
have so far been investigated only in two cases, A and S. In both, as
mentioned in Subsections 3.3 and 3.4, the asymptotic distribution pattern
does not depend on the surface genus at all. Is this a general phenomenon?
What can be said about face sizes for the classes of maps studied in
Section 3? The answer is clear for self-dual classes and is degenerate for
triangulations. The question seems particularly interesting for Eulerian
maps (that is, by duality, the question about vertex valencies of bipartite
maps) and loopless maps.
Plane trees are in general better tractable than general maps. Possibly
the following question based on (4.1.1) and additional observations can be
answered easily: Is there a ‘‘naturally’’ defined class of plane trees which
does not meet the pattern
pktcrk, k  , k # Val, (TV)
with some algebraic constants c and r? More specifically, which conditions
on a class of plane trees ensure the validity of the distribution pattern
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(TV)? The same question for 2-connected outer-planar maps and the
pattern pktckrk (cf. (4.2.2)).
It is known that the set of self-dual maps (do not confuse with a self-dual
set of maps!) does not satisfy the basic cardinality pattern (C) (cf. [17]).
Do these maps satisfy the basic valency distribution pattern (V)?
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